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LARGE DEVIATIONS FOR THE CHEMICAL DISTANCE IN 
SUPERCRITICAL BERNOULLI PERCOLATION 

By Olivier Caret and Regine Marchand 

University of Orleans and University of Nancy 

The chemical distance D{x,y) is the length of the shortest open 
path between two points x and y in an infinite Bernoulli percolation 
cluster. In this work, we study the asymptotic behavior of this random 
metric, and we prove that, for an appropriate norm /i depending on 
the dimension and the percolation parameter, the probability of the 
event 

exponentially decreases when ||a;||i tends to infinity. From this bound 
we also derive a large deviation inequality for the corresponding 
asymptotic shape result. 

1. Introduction and statement of main results. The matter of this article 
is the study of the asymptotic length of the shortest open path between two 
points in an infinite Bernoulli percolation cluster. 

Let us first recall the Bernoulli percolation model and its usual notation. 
Consider the graph whose vertices are the points of Z*^, and put a nonori- 
ented edge between each pair {x,y} of points in Z'^ such that the Euclidean 
distance between x and y is equal to 1: two such points are called neighbors, 
and this set of edges is denoted by E"^. 

Set = {0, 1}'^''. We denote by Pp the product probability ip5i + (1 - 
p)Sq)®^ on the set Q. For a point u in we say that the edge e G E"^ is 
open in the configuration w if a;(e) = 1, and closed otherwise. The states of 
the different edges are thus independent under ¥p. In the whole paper, the 
parameter p is supposed to satisfy p € {pc, 1], where pc =Pc{d) is the critical 
probability for Bernoulli bond percolation on Z"^. 
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A path is a sequence 7 = (xi, ei, X2, 62, . . . , x^, e^, Xn+i) such that Xj and 
Xj+i are neighbors and is the edge between Xj and Xj+i. We will also 
sometimes describe 7 only by the vertices it visits 7 = (xi,X2, • • • ,x„,x„+i) 
or by its edges 7 = (ei, 62, . . . , Cn). The number n of edges in 7 is called the 
length of 7 and is denoted by |7|. Moreover, we will only consider simple 
paths for which the visited vertices are all distinct. A path is said to be open 
in the configuration uj if all its edges are open in to. 

The clusters of a configuration u are the connected components of the 
graph induced on Z'^ by the open edges in u. For x in Z'^, we denote by 
C{x) the cluster containing x. In other words, C(x) is the set of points 
in Tj'^ that are linked to x by an open path. We write x <-> ?/ to signify 
that X and y belong to the same cluster. For p > pc, there exists almost 
surely one and only one infinite cluster. We denote by Coo the random set: 
Coo = {A; E Z"^ : |C(A;)| = +00}, which is almost surely connected. 

We introduce the chemical distance D{x^y){uj) between x and y in Z'^, 
depending on the Bernoulli percolation configuration lo: 



where the infimum is taken on the set of paths whose ends are x and y and 
that are open in the configuration u. It is of course only defined when x 
and y are in the same percolation cluster. Otherwise, we set by convention 
D{x,y) = +00. The random distance D{x,y) is thus, when it is finite, the 
minimal number of open edges needed to link x and y in the configuration 
uj, and is thus larger than ||x — y\\i, where || • ||i is the usual norm: 

ll^lll = J2i=l 

Note that the chemical distance D{0,x) on the infinite Bernoulli cluster 
with parameter p> pc can be seen as the travel time between and x in 
a first-passage percolation model where the passage times of the edges are 
independent identically distributed random variables with common distri- 
bution pJi + (1 - p)6+oo- 

Antal and Pisztora [1] have proved that the chemical distance cannot 
asymptotically be too large when compared with the usual distance || • ||i: 
for each p> pc, there exists a positive constant p such that 



If we think of the chemical distance as a special travel time in a first- 
passage percolation model, it is natural to expect that the term /3||x||i in (1) 
could be replaced by a smaller term, depending on a directional functional. 
Indeed, a good candidate exists, which has been defined in a previous paper 
of the authors: 



-D(x,y)(a;) =inf I7 



(1) 
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Proposition 1.1 ([7]). Letp>pc and consider the chemical distan- 
ce D{-, •) for Bernoulli percolation with parameter p. There exists a norm fj, 
on such that, almost surely on the event {0 ^ oo}, 

VnGZ'^ lim ^"'"^^ = M^), 
™ Tn,u ^ ' 

where {Tn,u)n>i is the increasing sequence of positive integers k such that 
ku <^ oo. 

It is then natural to study the fluctuations around this limit, and to look 
for exponential decay results analogous to the ones obtained, for instance by 
Grimmett and Kesten [8], in first-passage percolation. Therefore, the main 
objective of this work is to prove the following large deviation bound: 

Theorem 1.2. Let p in the interval (pcA] c-iT-d denote by p the norm 
on given by Proposition 1.1. Then, 

W > limsup ■-F.(0"^."(°.x)/MW^(l-e.H-e)) ^ ^ 

||a;||i^+oo 

The proof of Theorem 1.2 is divided into two parts: the upper large devi- 
ations and the lower large deviations, which are, respectively, dealt with in 
Sections 3 and 4. 

First, in Section 3, we prove an upper large deviations inequality or, more 
precisely, the following exponential bound for the probability that the chem- 
ical distance between two points x and y is abnormally large: 

Theorem 1.3. For every p > Pc{d) and every e > 0, we have 

lnPp(0^x,L»(0,x)>(l + e)/i(x)) 
limsup II — II < 0. 

Ilxlli— >+oo 

The proof of this result strongly relies, through an appropriate renormal- 
ization argument, on the fact that, when p is sufficiently close to one, the 
chemical distance looks like the usual distance || • ||i. 

Theorem 1.4. For each a> 0, there exists p'{a) G {pc{d), 1) such that 
for every p G {p'{a), 1], the Bernoulli percolation with parameter p satisfies: 

lnPp(0^x,Z)(0,x)>(l + a)||x||i) 
hmsup — < 0. 

|a;||i^+oo 

We also obtain, as a corollary of this result, the continuity in p = 1 of the 
map p^ pLp, where pip denotes the norm associated to the chemical distance 
in the Bernoulli percolation with parameter p: 
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Corollary 1.5. limp_,isup||^||^<;^ |/ip(x) — ||x||i| = 0. 

In Section 4, we prove a lower large deviations inequality or, more pre- 
cisely, the following exponential bound for the probability that the chemical 
distance between two points x and y is abnormally small. 

Theorem 1.6. For every p > Pc{d) and every e > 0, we have 

lnFp{0^x,D{0,x)<{l-£)^l{x)) ^ 
hmsup II — II < U. 

Ilxlli— >+oo 

In its main lines, the proof follows the strategy used by Grimmett and 
Kesten [8] to prove an exponential bound for an analogous quantity con- 
cerning first-passage percolation along the first coordinate axis. However, 
two types of extra difficulties arise in our context: we want to obtain an 
exponential bound in every direction, not only along the first-coordinate 
axis, and moreover we want this bound to be uniform with respect to this 
direction. Thus, we first study in Lemma 4.2 the minimal number of open 
edges needed to join the origin to hyperplanes with a given direction. Then 
in Lemma 4.3 we study the minimal number of open edges needed to cross 
a box oriented along the same direction. All estimates are done uniformly 
in the direction, and, to conclude the proof of Theorem 1.6, we use a renor- 
malization argument. 

Let us discuss briefly the speed — in ||x||i — that appears in the previous 
large deviations inequalities. Let us first look at the lower large deviations. 
Choose an x £ Z'', and then, by the classical FKG inequalities, we obtain 

fp{D{0, {m + n)x) <{l-e){m + n)fx{x)) 

> Pp(D(0, mx) < (1 — e)m^{x), D{mx, (m + n)x) < (1 — e)n^{x)) 

> Pp(D(0,mx) < (1 - e)m;u(x))Pp(D(0,nx) < (1 - e)n^i{x)). 

Thus, the limit ^||^||^ lnPp(-D(0, nx) < (1 — e)n^{x)) exists as n goes to in- 
finity, and is strictly negative by Theorem 1.6. Now, two distinct cases can 
occur: 

• Either = ||x||i. This corresponds to the existence of a flat face in 
the asymptotic shape and occurs for some x as soon as p > p^{d), critical 
probability for oriented percolation on Z'^ (see [7]). In this case, because 
of the inequality D{0,x) > the asymptotic speed in the direction of 

x is as fast as it is permitted by the geometry of the lattice: thus, we have 

- lnPp(L»(0, nx) < (1 - e)nn{x)) = -oo. 
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• Or fi{x) > Then for any e small enough to have (1 — e)fj,{x) > ||x||i, 

we can force a deterministic path with exactly edges with ends 

and nx to be open, which implies that the chemical distance between 
and nx is less than (1 — e)nfi{x): 

Fp{D{0, nx) < (1 - e)n^(x)) > p^H^'I'i , 

that is, lnPp(D(0, nx) < (1 — e)nfi{x)) > Inp > — oo. 

Thus the exponential rate in Theorem 1.6 is optimal. 

Turning to the upper large deviations, we can once again force a deter- 
ministic path with exactly [n(l + e)||x||ij +1 edges with ends and nx to 
be the only open path between and nx, which implies that the chemical 
distance between and nx is larger than (1 + e)n^{x): 

Pp(+oo > D{Q,nx) > (1 + > (^(l _ p)2<i) L"(i+^)ll^lliJ+\ 

whence 

^■^■^^lnF,(+oo>I^(0,nx)>(l + .H.(.)) ^ 

n^+oo ^^ll^^lll 

Once again, the exponential rate in Theorem 1.3 is optimal. 

This phenomenon is quite different from what is expected of large devia- 
tions in first-passage percolation with bounded passage times. Indeed, in the 
context of first-passage percolation with bounded passage times, building a 
bad configuration that forces the travel time between and nx to be too 
large should cost more that c^H^H^. We expect then a speed in ||x||f; see [10] 
and also [3]. On the other hand, building a configuration that allows the 
travel time between and nx to be too small should typically still need a 
cost of order c""^"^, as it is sufficient to build one "too good" path. Thus 
the speeds for upper large deviations and lower large deviations in classical 
first-passage percolation could be different. 

Finally, in Section 5, thanks to the uniformity with respect to the direction 
provided by Theorem 1.2, we will also prove a large deviation inequality for 
the asymptotic shape of the set Bt of points that are at a distance less or 
equal to t from the origin: 

St = {x G Z'^ : ^ X, L>(0, x)<t}. 

Since p> Pc, we can condition the probability measure on the event that the 
origin is in an infinite cluster, which has positive probability: 



In order to study the convergence of the random set Bt/t, we also introduce 
the Hausdorff distance between two non empty compact subsets of M*^: 
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1. For x G R'^ and r > 0, B^{x,r) = {y G M'^ : fi{x - y) < r}. 

2. The Hausdorff distance between two nonempty compact subsets fCi 
and /C2 of M"^ is defined by 

P(/Ci, /C2) = inf{r > : /Ci C /C2 + -6^(0, r) and /C2 C /Ci + fi^(0, r)}. 

Note that the equivalence of norms on ensures that the topology induced 
by this Hausdorff distance does not depend on the choice of the norm /i. We 
can now state the random set version of Theorem 1.2. 

Theorem 1.7. For every p > Pc{d), for every e > 0, there exist two 
strictly positive constants A and B such that 



Vt>0 Fp(Vi^-^,Bf,{0,l)j>ej<Ae 

This result improves the following asymptotic shape result that was proved 
by the authors in [7]: for every p > Pc{d), 

lim v(^,B^iO,l)] =0, Fp a.s. 

Let us begin now with the main notations and a reminder of some com- 
mon useful results in supercritical percolation theory. We also include in the 
following section a technical lemma to build bases of Mf^ that are adapted 
to the proof of directional estimates. 

2. Notations and preliminary results. 

2.1. Norms, balls and spheres. On the space W^, consider the canonical 
basis (ei, . . . , e^). For every x G M'^, define the three classical following norms: 
d / d \i/2 

Iklli = X! Iklb = ( X! ) ' ^ i™i<d'^*'' 

m=l \m=l / ~ ~ 

For iG{l,2,oo}, xGM"^ and r > 0, we define the following balls in Z*^: 
Bi{x,r)={yeZ'^:\\y-x\\^<r} and 5^ = {x G M'' : = 1}. 
Recall that 

< ||2;||2 < \\x\\l < Vd\\x\\2. 

We also consider the norm given by Proposition 1.1. We recall the reader 
that, for X G M'^ and r > 0, we chose to consider, for the norm /i, balls in 
rather than in Z*^: 

Bf,{x,r) = {yeR'^:^i{y-x)<r}. 

We also introduce /ijnf = inf^g^^ which is strictly positive. As is 
invariant under the symmetries of the grid, we get the inequality 

Minflklli < Kx) < ^(ei)||x||i. 
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2.2. Exponential inequalities. Let us rewrite the result of Antal and Pisz- 
tora [1] in an appropriate form to further computations: there exist three 
strictly positive constants Ai, Bi and p, depending only on the dimension 
d and on the percolation parameter p > Pc{d), such that 

(2) VxGZ'' Pp(0^a;,L>(0,x) >/j||x||i) <^ie~'^ill'^'ll^ 

We also recall here some classical results concerning the geometry of the 
clusters in supercritical percolation. Thanks to [2], we can control the radius 
of finite clusters: there exist two strictly positive constants A2 and B2 such 
that 

(3) Vr>0 Pj,(|C(0)| <+cx),0^ai3i(0,r)) <^2e"^2^ 

We can also control the size of the holes in the infinite cluster: there exist 
two strictly positive constants A3 and B-^ such that 

(4) Vr>0 Fp{CoonBiiO,r) = 0)<A3e~^-'\ 

When d = 2, this result follows from the large deviation estimates by Durrett 
and Schonmann [6]. Their methods can easily be transposed when d>3. 
Nevertheless, when d>3, the easiest way to obtain it seems to use [9] slab's 
result. 

Note that in (3) and in (4), the choice of the norm || • ||i is, of course, 
irrelevant thanks to the norm equivalence. 

2.3. Stochastic comparison. First, there is a natural partial order ^ on 
$7 = {0, l}'^ : for oj and uj' in Q, one says that oj ^ uj' holds if and only if 

^ ^'e foi' each e G E"^. Consequently, we say that a function /:u; ^ M is 
nondecreasing if f{uj) < f{uj') as soon as u; ^ lv' . An event A is said to be 
nondecreasing if its indicator function 1^ is nondecreasing. 

Let us now recall the concept of stochastic domination: we say that a 
probability measure /i dominates a probability measure v if 

Jfdiy<J fdfi 

holds as soon as / in an nondecreasing function. We also write v ^ p. 

In the following, it will often be useful to compare locally dependent fields 
with products of Bernoulli probability measures: remember that a family 
{Yx,x G Z'^} of random variables is said to be locally dependent if there 
exists k such that, for every a G Ya is independent of {Yx '■ \\x — a\\2 > k}. 

Proposition 2.1 ([11]). Letd,k be positive integers. There exists a non- 
decreasing function vr : [0, 1] [0, 1] satisfying lim^^^i 7r(5) = 1 such that the 
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following holds: ifY = {l^,x G Z'^} is a locally dependent family of random 
variables satisfying 

Vx G P{Y^ = 1) > 5, 

then Py ^Ber(7r((5))^^'. 

This is in fact a particular case, but sufficient for our purposes, of a more 
general result given in [11]. 

2.4. Some consequences of the symmetry properties. Let us introduce 
some notation: we denote by &d the symmetric group on {l,...,d}. For 
each X = (xi, . . . , x^) G M'^, o" G and e G {+1, —1}'^, we define 

d 
i=l 

Then 0{Z'^) = {^cT,e-(^ G S^, e G {+1,-1}"^} is the group of orthogonal 
transformations that preserve the grid Z"^. Consequently, its elements also 
preserve the norm fi. 

When studying the chemical distance in a given direction x, we want to 
find a basis of M'^ adapted to the studied direction, that is, made of images 
of X by elements of ©(Z*^). The next technical lemma gives the existence of 
such a basis, and an extra uniformity property in the direction y: 

Lemma 2.2. There exists a constant > such that, for each x G W^, 
there exists a family {gi,x-,92,x-, ■ ■ ■ ,gd,x) G (C'(Z'^))'^ with gi^x = Id^d and such 
that the linear map Lx '■ ^ — ^ ^ defined by 

VzG {l,...,(i} Lx{ei) = gi^x{x) 

satisfies 

(5) VyGM'^ Crf||y||i||x||i< ||L,.(y)||i< ||y||i||x||i. 

If moreover, for each n £ S2, we set {ni,n2, . . . , nj) = (n, g2,n{n), gd,n{n)), 
then we have 

r / ^ 

(6) VyGM-^ ^Ilyll2< E(y'^™)' <^llyll2- 

\m=l I 

Note that in dimension two, this construction is much simpler: if K denotes 
the rotation with angle 7r/2, we can set 



Lx{e{) = X and ^^.(62) = Rix). 
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However, this is more intricate in higher dimension. For instance, in dimen- 
sion three, if x = (1, 1, 1), none of the images of x by 0{'L'^) is orthogonal to 
X. In particular, even if ||x||2 = 1, Lx may not be in 0{W^). 



Proof of Lemma 2.2. Choose x £ U^. Then, for every (^i, 
{0{l/'))'^, denote by Ag_^ g^ the only linear map which satisfies 



Vie {!,..., d} 



,9d) G 



Let y = J2 Ui^i ^ linearity, we have 



iy)\\: 



gi,--;9d 



i=l 1 i=l 

d d 



i=l 



i=l 



Now define, for each x E M"^ 
h{x 



max inf \\Af^ 



and define Lx to be an application A^^ ^^ which realizes the maximum in 
the definition of b{x). Let us set 

Cd = inf h{x). 

It is easy to see that, for every x G W^, Lx satisfies equation (5) and it only 
remains to prove that > 0. 

Clearly, x i— > b{x) is a continuous map. So, since Si is a compact set, it 
is sufficient to prove that h{x) ^ for any x £ Si. Let then x 7^ 0: there 
exists iQ such that / 0. Consider i S {1, . . . , d}; we can find a G with 
a{i) = zq. Now let h G {—1, +1}'^ with h{i) = —1 and h{j) = 1 for i ^ j: then 
one has ^ a,{i,...,i){x) ~ ^a,h{x) = 2xigei. It follows that the vector space 
generated by {g{x) : g G 0{Z'^)} is equal to M*^. Then, since x / 0, one can 
find a family {g2,---,gd) G {0{'Z'^))'^~^ such that {x,g2{x), . . . ,gd{x)) is a 
basis of W^. Thus, A^^ is a linear invertible map. This implies that 
inf||y||j=i > 0) ^-iid hence that b{x) > 0. 

Let us prove inequality (6). If we define 



m=l 



10 



O. CARET AND R. MARCH AND 



then we have Z]m=i(^> '^m)^ — \\B{x)\\2, and moreover, {B{ej),ei) = {ni,ej) 
= (L„(ej),ej) = (L* (ej),ej), which is equivalent to say that B = L*. Equa- 
tion (5) and the equivalence of norms imply then that 

(7) VxGM^ \\Ln{x)\\2>^\\x\\2. 

Let us denote by |||A|||2 = sup^.^^^ Il^2;||2. We have: 

It is clear from (7) that |||L~-'^|||2 < Applying to ^ = L^^ the classical 
identity 

PIII2 = sup Px||2 = sup {Ax,y) = SVLp\\A*x\\2 = \\\A*\\\2, 

it follows that 

/ d \l/2 ^ 

VxeM'^ (E(^'^-)'l =ll^:2;||2>^||x||2, 



\m=l 



which concludes the proof of the left-hand side. The right-hand side is ob- 
vious. □ 

3. Upper large deviations: Proof of Theorem 1.3. The aim of this section 
is to prove the upper large deviations estimate, Theorem 1.3, for the chemical 
distance. First, we prove the exponential inequality for p close to 1 given by 
Theorem 1.4, then we deduce Corollary 1.5 and finally, via a renormalization 
argument, we prove the large deviations result for every p> pc- 

3.1. Chemical distance for p close to 1: proof of Theorem 1.4. For this 
proof, we also consider the *-topology on Z*^: two points x,y G Z'^ are *- 
neighbors if and only if ||x — y||oo = 1. A *'path is a sequence (xi, . . . ,Xn) 
such that for every i € {1, . . . ,n — 1}, Xi and Xj+i are *-neighbors. A set E 
is *-connected if between any two of its vertices, there exists a *-path using 
only vertices in E. 

Given a configuration lu, say that a point x G Z'^ is wired if each bond 
e = (s, t) with ||s 

— -^Iloo — 1 and \\t — x||qo ^ 1 satisfies cv^ — 1* Otherwise, 
say that x is unwired. The wired points should be considered as the good 
guys, whereas the unwired points are the bad ones. Let Yx = l{x is unwired}; 
then X is wired if and only if 1^ =0. 

Let us define V{x){uj) to be the set of points y G Z'^ such that there exists 
a *-path of unwired vertices from x to y, which means that there exist 
n > and x = xq, xi, . . . , x„ = y, with Y^- = 1 for each i £ {0, . . . ,n} and 
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\\xi — Xj+i||oo = 1 for each i G {0, . . . , n — 1}. Note that V{x) = as soon as 
X is wired. By definition, V{x) is always a *-connected set. For x E l/, we 
define 

Vi{x)=V{x)+{-l,0,lY and V2{x) =Vi{x) + {-l,^,lY . 

Let us show that when p is large enough, V{x) is almost surely a finite 
set. For each p S [0, 1], the field (^x)a;eZ'* a locally dependent {0, 1} valued 
stationary field, with limp^iPp(yo = 1) = 1. It follows from Proposition 2.1 
that there exists ri[p) with 

(Pp)y^Ber(ri(p))®^' 
and limp^iri(p) = 1. We can thus find p'-^ G {pc{d),l) such that for every 

(8) (2d-l)(l-ri(p))<l. 

By a classical counting argument, this ensures that V{x) is Pp almost surely 
a finite set. Suppose for the sequel that p> p[. Under this assumption, we 
have the following result: 

Lemma 3.1. Let x G Z'^. Suppose that s,t S Vi{x) with s t. Then, 
there exists an open path from s to t which only uses vertices in V2{x). 

Proof. Since V{x) is bounded, V{xy has only finitely many *-connected 
components and exactly one of them is of infinite size. Of course, a path from 
s to t can meet one or more of these sets. We will prove that for every con- 
nected component K of V{xY and every open path /3 from s to t, the path (3 
can be modified to get an open path from s to t which never enters K\V2{x). 

Suppose that /? = (s = xq, xi, . . . , x„ = t) and define i = mm{k > : rc^ e 
K} and j = max{/c > : € K}. Clearly i > and j < n. Obviously, {xj, Xj} C 
c?™(-fC), where d^^{K) is the set of points x in K such that there exists 
y G U^\K with ||x — y||oo = 1- By part (ii) of Lemma 2.1 in [5], the set 
9™(-fC) is *-connected. Note that by definition of l^(x), every point of 
is wired. But if o and h are *-neighbors, then 6 E a + {—1,0,1}'^. Since 
a is wired, there exists an open path from a to & using only edges in 
a + { — 1,0,1}'^. Then, there exists a open path from Xj to Xj which only 
uses points in (9f + {-1, 0, 1}^ C yi(x) + {-1, 0, l}'^ = 1/2(2;). □ 

We can now come back to the proof of the theorem. Let a > 0. Choose x 
in and let 7 = (0 = xq, xi, . . . , x„, = x) be a fixed path from to x with 
the minimal possible number of edges n = ||x||i. We let 

V=\}V{y). 
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Now suppose that there exists an open path from to x. Let us prove that 
under this condition, we can find an open path from to a; which only uses 
points in 7 U (F + {-2, -1,0, 1,2}"^). 

Let i be the greatest integer in {0, . . . ,n} such that there exists an open 
path from to Xj which only uses points in7U(y + {— 2,— 1,0,1, 2}^^). Note 
that since Xj and <^ x, we have Xi<^ x. We want to prove that i = n. 

Suppose by contradiction that i <n. The maximality of i implies that Xi 
can not be wired. So V{xi) D {xi}, therefore it is not empty, which allows 
to define j = max{A; G {z + 1, . . . , n} : E V{xi)}. 

• If J = n, then Xi and x belong to V{xi). Since Xi x, it follows from the 
previous lemma that there exists an open path from Xi to x which only 
uses vertices in V2{xi). Joint with the part of the path 7 from to Xi, 
this gives an open path from to x which only uses points that are in 
7 U (y + {—2, —1, 0, 1, 2}'^), which is a contradiction. 

• If J < n, let K be the connected component of V{xiy which contains x. On 
one side, Xi ^ K, so there exists I £ + . . . ,n} such that x/ G d]^{K). On 
the other side, Xj ^ K and by definition of i, thus there exists 
z G d^^{K) such that x <^ z. Since points in d^^{K) are linked, xi z, 
but X z and Xj x so finally Xi x/. Since {xi,xi} C Vi{xi), by the 
previous lemma we see that there exists an open path from Xj to xi using 
only points of V2(xj), which contradicts again the maximality of i. 

Thus under the assumption that and x belong to the same cluster, we 
have constructed an open path from to x which only uses points in 7 U 
(F + {-2, -1,0, 1,2}''), and thus is not too far away from the deterministic 
path 7. 

Define, for every y £l/, the event 

Fy= [J {z is unwired} 

z : ||z-J/||oo<2 

and set Zy = Ip^. Since {Zy)y^^d is locally dependent with limp^i Fp{Zy = 1) = 0, 
it follows from Proposition 2.1 that there exists r2{p) with 

(Pp)z^Ber(r2(p))®^' 

and limp_»ir2(p) = 0. Note that by definition of {Zy)y^j^d, the open path 
we built only uses points y that are in 7 or satisfy Zy = \. Moreover, if 
we suppose now that Z)(0, x) > (1 + a)||x||i, the length of this path is also 
greater than (l + a)||x||i. 

The idea is now the following: if <-> x and L'(0,x) > (1 + a)||x||i, then 
by the previous construction, there must exist an open path between and 
X with length larger than (1 + a)||x||i and that contains only points in 
7U iy + {—2, —1,0, 1,2}''): this path must then contain at least a||x||i points 
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such that Zy = l, which is unhkely when p is large enough. Let us turn this 
crude argument into a rigorous proof via a counting argument. 

Let r be the family of self-avoiding paths from to x. Clearly, if /3 S F, 

Pp(Vy G /3\7, = 1) < rl^l-l^l 

where r = r2{p) and \[3\ denotes the number of edges in /?. Remember that 
limp_>i r2{p) = 0. We can thus find p'2{(y) S {pc{d), 1) such that Vp > p'2ia), 
r = r2 (p) satisfies 

(9) (2d-l)r<l and (2d - l)^+"r" < 1. 

It follows that 

Fp{0^x,D{0,x) > (l + a)||x||i) 

< Yl IPp(ViG/?\7,^. = l) 

/3er: |/3|>(l+a)|7| 

< rl/3hl7l 
/3Gr: |/3|>(l+a)|7| 

+ 00 

< (2c^)(2d- ir-V"-iTi 

n=(l+a)|7| 

2dr-'^l 



< 



< 



(2d - 1)(1 - {2d-l)r) 
2d 



((2d-l)r)(^+°)l^l 
((2d-l)i+"r")l^'. 



(2d - 1)(1 - (2d - l)r) 

As I7I = ||x||i, taking p'(a) = max{p[{a) , P2{a)} — quantities respectively de- 
fined in (8) and (9) — ends the proof of the theorem. 

3.2. Continuity of fip at p = 1: Proof of Corollary 1.5. Let a > and 
X G Z'^. Using the Borel-Cantelli lemma and Theorem 1.4, we obtain for 
p>p'{a): 

D(0,nx) — 
limsupl{„a.^o} < (1 + IPp a-s- 

n— »+oo n 

By the very definition of fip, the left-hand side is equal to fip{x). Using 
moreover the fact that Hp{x) > \\x\\i, we have proved 

Va>0, Vp>p'(a), VxGZ'^ \\x\\i < Hp{x) < (1 + a)||2;||i. 

By homogeneity and continuity of fip and || • ||i, we obtain the same property 
for X G Q*^, and next for x G M"^: 

Va>0, Vp>p'(a), VxGM"' ||x||i < /ip(x) < (l + a)||x||i, 

which ends the proof. 
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3.3. Upper large deviations: proof of Theorem 1.3. We can now prove 
the upper large deviations result Theorem 1.3 for the chemical distance for 
every p> pc- 

Step 1. Choice of constants. 

Let p > Pc{d) and e > be fixed. 

As /i is a norm, it is bounded away from on the compact set 5i, and we 
can choose > small enough to have 

(10) VfGcSi (^ + ^^{l + r|f^x{x) + 2rj<{l + e)^l{x) and r] <^p, 
where p has been defined in (2). Note also 

From now on, let us denote by M a fixed integer which is such that 
M > ^ max( ^^2^'* , 3c^), where Cd is the constant given by Lemma 2.2. 

For every x G M*^ n 5i , there exists f G j^Z'' n Si such that ||x — f || i < ^ . 
Then, by the previous choice of M, one has 

(12) ||x - f||i < — < — ^ and \fi{x) - fi{f)\ < fi{ei)\\x - r\\i <r]. 

Intuitively, r is a rational direction that approaches the "real" direction x. 
Note that the result in Theorem 1.3 is uniform in the direction, and the 
proof of this uniformity will use the fact that -^Z"^ n 5i is a finite set. 
Step 2. Renormalization. 

For X and G Z+, let us define the following set around Nx: 

l!^ = {yeBi{Nx,y/N):y^dl3i{Nx,N)}, 

where dBi{Nx,N) = {y G Z'^: ||A^x — y\\i = N}. We define the related ran- 
dom variable by 

jN^iNx, ifjf = 0, 

^ \infZ^, otherwise, 

where infX^ denotes the point in which is the closest to Nx. If there 
are several, use for instance the lexicographic order on the coordinates to 
choose a unique point. Note that: 

• the random variable only depends on the states of the edges in Bi {Nx, N) . 

• \\Nx-I^\\i < y/N. 

Since is close to Nx, the chemical distance D{Iq ,1^) should be of the 
same order as Np{x). This is rigorously proved in the following lemma: 

Lemma 3.2. The following results hold ¥„ almost surely: 
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For each x G TJ^ , <-> oo for large N . 
The sequence {Iq)n>i is convergent. 
For each x £ Z*^ , 



N 



Proof. • The first assertion easily follows from Borel-Cantelli argu- 
ments. At first, it follows from the exponential decay of the radius of finite 
clusters — see equation (3) — that Pp almost surely, = B{Nx, ^/N) D Cod 
for large A^. The fact that B{Nx,y/N) H Coo is Pp almost surely nonempty 
for large N is now a consequence of (4). 

• Let us denote by H the smallest element of Coo, that is, the point in 
Coo which is the closest to and among these points if there are several, the 
one which is the smallest for the lexicographic order on the coordinates. For 
large N , we have H G i?(0,\/iV), so {Iq)n>i converges to H. 

• If a; = 0, there is nothing to prove. Suppose then that x 7^ 0. By the 
previous point, the sequence with general term D{Iq ,I^)/N has the same 
asymptotic behavior as the sequence with general term D{H, I^)/N . It was 
proved in Lemma 5.7 of [7] that for every e > 0, 

3M > Vy G 
|y||i > M and y ^ 0) ^ |i?(0, y) - ^i{y)\ < e\\y\\i 

By taking M = |C(0)| when co, we can remove the conditioning and 
obtain 

3M > Vy G Z'^ 
|y||i>M andy^O)^|D(0,y)-;u(y)| <e||y|li. 

Using translation invariance, this implies 

Vx G 1'^ 3A4 > Vy G Z'^ 
|y||i > and y ^ x) =^ |-C'(x,y) - ^i{y)\ < e\\y\\i 

This implies 



0^00 = 1. 



1. 



1. 



Since ||iVx-/f ||i < ^/N, one has |iV^(x) - )| < VNfi{ei) and ||i ~ 
A^||x||i; the desired result follows. □ 

We can now introduce a macroscopic percolation: in order to study the 
chemical distance in the direction r, we are going to build a large grid, with 
mesh NM, whose axes are adapted to Mr: the large grid is the image by 
NLmt of the grid Z'^, where Lmt is given in Lemma 2.2 (see Figure 1). The 
macroscopic edge e = {x,y} has macroscopic ends x and y that correspond 
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If = RL.w,-.(e,) 



Fig. 1. The macroscopic grid N LMf{Z'') adapted to the direction f. The vertex x 
of the macroscopic grid has coordinates NLMf{x) in the microscopic grid. It is sur- 
rounded by a small ball with radius \/iV which contains a black point, denoted by 
^L^-ix)' '"^'c/i is the point of the infinite cluster that is the closest to NLMf{x) in 
the microscopic grid. The macroscopic edge between x and y is said to be open if 
^{^Ln,j-{x)y-^LM-(v)^ — NMfj,{r){l + 7]), which happens with a probability going to 1 as 
N goes to infinity. As the states of the macroscopic edges are locally dependent, by choos- 
ing N large enough, the chemical distance in the macroscopic grid can be made very close 
to the l^ -distance. 



in the microscopic graph to the points NL]^ff.{x) and NLj[ff.{y); for instance, 
the macroscopic vertex with coordinates (1, 0, . . . , 0) corresponds to the ver- 
tex NMr in the microscopic lattice. By construction of LMr, we expect the 
chemical distance between neighborhoods of the microscopic ends of any 
macroscopic edge to have a value of order NMfj,{r). If this event occurs, we 
say that the corresponding macroscopic edge e is open, which should happen 
with high probability. 

Lemma 3.3. For each r E jtZ'^HcSi, for each positive integer N, we 



define a field (-R^''^)eeE'* ■ '^f ^ = {^j^}; 

e 

Then there exists a function [0,1], independent of the choice of 

f G jjZ'^ nSi such that 

hm p{N) = 1 and Fj^N.f >z Ber{p{N)) 
where P^iv,f denotes the law of the field (-R^'^)egE'* on {0, l}'^ 
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Proof. Our aim is to apply once again the comparison result of Propo- 
sition 2.1. 

Note that for any choice of f G jjZ'^ D Si, and any edge e = {x,y}, the 

macroscopic event G^'^ only depends on states of the microscopic edges in 
the ball Si ( TVLMf (^) , iVM ( 2 + ( 1 + ?7) /i ( e 1 ))). Not e also that , by Lemma 2.2, 
we have 

||y-x||i>^(2 + (l+r7)^i(ei)) 

^||LA/r(y-5;)||i >2M(2 + (l + 77)/i(ei)) 

\\NLMr{y) - NLMrix)\\i > 2NM{2 + (1 + rj)Kei))- 

The field {R^'^)e^id is locally dependent, for some constant k that does not 
depend on N , nor on the choice of f E -^Z'^n5i, nor on M . Since (-^?^'^)egE'' 
is invariant under translations and symmetries of the grid WJ^, we only have 
to prove that 

hm P,(G^0 = 1 

uniformly in f for the edge e = (0, ei). But the set ■jj'^'^ H Si is finite, so it is 
sufficient to prove this limit for any r G jj'^'^ ^ Si. By applying Lemma 3.2 
to X = L^v/f (ei) for a given f G 'jj'^'^ H Si and using the fact that almost 
sure convergence implies convergence in probability, we end the proof of 
Lemma 3.3. □ 

Choose now N large enough to be sure that p{N) given by Lemma 3.3 
satisfies 

(13) p{N)>p'{^r^-l)>Vc{d\ 

where p'(-) is defined in Theorem 1.4 and a has been defined in (11). For 
each f € jg^Z'^ n 5i, we can construct a macroscopic percolation with mesh 
NM: we say that the edge e G E"' is open in the macroscopic percolation 
associated to r if the event G^'^ occurs, and closed otherwise. This induces 
a dependent percolation model on the macroscopic edges: all vertices in 
the macroscopic lattice will be denoted by an over lined letter, the infinite 
cluster of this macroscopic will be denoted Coo, while the chemical distance 
in this macroscopic lattice will still be denoted by D. The previous lemma 
compares this locally dependent macroscopic percolation with i.i.d. Bernoulli 
percolation, and the choice we made for N allows us to use the result of 
Theorem 1.4. 

The strategy is now the following: for a large x G Z"^, choose a r whose 
direction is close to the one of x and build the macroscopic percolation 
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associated to r. Use Theorem 1.4 to find a macroscopic path from a point 
not too far from to a point not too far from x, and whose length is well 
controlled. Then come back to the initial microscopic percolation, and verify 
that the existence of this macroscopic path implies, on the event <-> j;, the 
existence of an open microscopic path whose length is also well controlled. 

Step 3. Construction of the macroscopic and microscopic paths. 

From now on, we suppose, without loss of generality, that x G Z*^ satisfies 



(14) xi>— — • 

a 

We emphasize that the constants a and N have been defined in (11) and 
(13) before any choice of x. 

Then, we associate to x = x/||x||i an approximate r S jjIj'^HSi satisfying 
equation (12). 

We build the macroscopic percolation associated to f and denote by 

(15) x=[\\x\\i/{NM)\ei 

the vector in the coordinates of the macroscopic grid that approximates x, 
where [t\ denotes the integer part of the real number t. 

Remember that, thanks to Lemma 2.2, the application L^jr maps ei to 
Mr and satisfies 

ViG{l,...,(i} n{LMr{ei)) = Mn{r) and ||LMf(ei)||i = M 

(16) and VfG ^Z'^ncSiVtGM'' CdM||t||i < ||LMf.(t)||i < M||t||i. 

For each z G Z'^ and each r > 0, we define the annulus 

A{z, r)={yeZ'^:r/2< \\y - z\\i < r} 

and consider the following "good" event of {0, 1}'^'* in the macroscopic per- 
colation: 

^ _ J 3a G ^(0, a||x||i) 36 € A{x, a||x||i) such that 1 
~\ a^b and D{a,b) <{l + 3a)\\x\\i /' 

Note that for the complementary set of G, we have 

G"" C {^(0,a||x||i) n Coo = 0} U {^(x,a||x||i) n Coo = 0} 
U U {o^6,L>(a,6) > (l + 3a)||x||i} 

aGBi(0,Q|jx||i) 
b£Bi(x,a\\x\\i) 

C {^(0,a||x||i) n Coo = 0} U {^(x,a||x||i) n Coo = 0} 
U U ia^b,Dia,b)>^^^\\b-a\\i\. 

aeBi{0,a\\x\\i) 
b£Bi{x ,a\\x\\i) 
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As G is an increasing event, we have by Lemma 3.3 
Pfliv.f < BeT{p{N))^^\G'). 

It follows that 

Pij..iv(G^) < 2Pp(jv)(Si(0,a||x||i) n Coo = 0) 

+ E ^p(N){a^h,D{a,h)>\^^\\a-b\\i 

aGBi(0,a||x||i) ^ + 

b&Bi_{x,a\\x\\i) 

By the choice (13) we made for N, the inequality p{N) > pc{d) is satisfied, 
so, by equation (4), 

P^(;v)(Si(0, a||x||i) n Coo = 0) < Ase-^^""""^ 

Moreover, our choice of N in (13) was intended to apply Theorem 1.4: thus, 
there exist two strictly positive constants A and B such that 

ya £ Bi{0, a\\x\\i) , yb £ Bi{x, a\\x\\i) 

Pp(JV) (« b, D{a,b) > \^\\a - < ^g-^H^-^l^ 

Thus we obtain 

P«,iv(G^) 

< 2A3e-^='"ll^lli + (Ca||rE||i)2'^Ae-^(^-2°)ll^lli 

< 2yl3e-^3a|klli/A^M ^ (C7«(||2;||^/ArM + l)fd^e-B(l~2a)M,/NM^ 

where C is a constant depending only on the dimension of the grid Z*^. 

So, with a probability tending to 1 exponentially fast with there ex- 
ists a path in the macroscopic percolation from a point in the set ^(0, a||lE||i) 
to a point in the set ^(x, a||x||i) which uses only edges e such that C- 
holds and whose length is smaller or equal to (1 + 3a)||x||i. This implies 
the existence of a microscopic open path from some microscopic vertex S G 
A^LMr-4(0, a||x||i) + Bi{0,y/N) to some microscopic vertex T S NLMf-A{x, 
o^ll^lli) + -61(0, \/iV), and whose length, by Lemma 3.3, is smaller than 
(1 + 3a)||x||i(l + r])NMfi{f) < (1 + 3a)(l + r]f\\x\\ifi{x) by the choice of 
f in (12) and the definition (15) of x. 

Step 4. It remains now to link the ends S and T of this microscopic path 
to and x respectively, and to prove that with high probability, these links 
are very short. 
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Thanks to the definition of the annuh and to equations (16) and (14), one 
has 

^CMxWi < ^""f - ^ < ll^lli < «||x||i + ViV < 

IcaaMi < ^^^^Ml _ ViV < ||T - ||x||if||i < a\\x\U + Vn< ^a||x||i. 

o Z O 

It follows that the distance between S and T is at least 
||x||i - 2(|a||x||i) > (1 - |a)||x||i. 
So, by equation (3), we have 
Fp{S^T,\C{S)\<+oo) 

< ^ ¥p{s^dB{s,{l-la)\\x\\i),\C{s)\<+oo) 

(3/8)CdQ||x||i<||s||i<(9/8)a||x||i 

< (1 + 2 X |a||x||i)%e"^^(i-(9/4)a)||x|U _ 

So with a probability tending to 1 exponentially fast with ||x||i, S and T 
belong to the infinite cluster. Now, 

Fp{S^O,D{0,S)>i]\\x\\i) 

< Yl ¥p{0^s,D{0,s)>T]\\x\\i) 

(3/8)Cda|Ix||i<||s|[i<(9/8)Q||x||i 

< Fp{0^s,D{0,s)>p\\s\\i) 

(3/8)Cda||x||i<||s||i<{9/8)a||a;||i 
(3/8)Qa||x||i<||s||i<(9/8)Q||a;||i 

<(l + 2x |a||x||i)%e-^i(3/8)C,a||a=|U_ 

The second inequality is due to the choice (10) for r], the third to the result 
of Antal and Pisztora (2). We have 

ll^; — r||i < ll^; — + llll^l|i'^~^lli 

^f^'i^^\ II II ^9 II II ^11 II 

< + gj"ll^lli ^ 2a||a;||i = -||x||i, 

and thus, similarly, 

Fp{T ^ x,D{x,T) >r]\\x\\i) 

<FpiT^x,Dix,T)>p\\x-T\\^) 

< Y Fp{x^t,D{x,t)>p\\x-t\\i) 

(3/8)Cdo||x||i<||t-||x||if||i<(9/8)o||x||i 
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(3/8)Cd«||a;||i<||t-||x||if||i<(9/8)«||a;||i 

< (1 + 2 X |a||x||i)%e-^i(^/24)Qa||x||i^ 

where the last inequahty follows from the estimate 

„ Cd „ „ 

Ip — i||i > IIIfIIi^~^IIi ~ If~ IfIIi'^IIi ^ 

Denote by G the event G seen not as an event in the macroscopic per- 
colation, but as a set of configurations of the microscopic percolation. Note 
that the event 

G n {\C{S)\ = +00} n{S^ o,D{o, S) < v\\x\\i} n{T^x, d{x,t) < ??||x||i} 

is included in 

O^x, D{0, ^) ^ ( (1 + ^) (1 + V?K^) + 2?/^ Ikllij • 

Thus, using equation (10) for rj, and collecting all our previous estimates, 
we obtain 

¥p{0^x,D{0,x)> n{x){l + e)\\x\\i) 

< Pp (^0 ^ X, D{0, x)>(^(^l + ^yi+ rjffiix) + 2rij \\x\\i^ 

< Pp(G") + Fp{S ^ T, \G{S)\ < +00) + Fp{S ^ 0, D{0, S) > r]\\x\\i) 
+ Fp{T ^ X, D{x,T) > r]\\x\\i) 

+ (^1 + 2 X ^a||x||iyA2e-^^(^-(^/^)")"""i 
+ 2(1 + 2 X -a||x||iV^ie-^i"ll^l'i/2, 



which ends the proof of the theorem. 

4. Lower large deviations. The aim of this section is to prove the lower 
large deviations estimate for the chemical distance given by Theorem 1.6. 
First, we introduce some definitions linked to the convexity of the asymp- 
totic shape i3p(0, 1). Then, in Lemma 4.2, we study the minimal number of 
open edges needed to reach a given hyperplane at distance r of the origin, 
and, in Lemma 4.3, the minimal number of open edges needed to cross a 
parallelepipedic box. Finally, we prove the lower large deviations results. 
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4.1. Definitions. For each y G IR'^\{0}, the ball ;B^j(0, is a convex 
set, so one can find a vector Uy G 52 such that the linear form (j)y defined by 

VX E M'' 4>y{x) = {Uy , x) 

satisfies to (pyiy) > and to 

(17) VxGM'^ {fi{x) < fi{y)) =^ {<l)y{x) < (t>y{y)) . 

Note that the choice of ny is not necessarily unique. Using the fact that 
the norms /i and || • ||2 are homogeneous, it is possible to choose the vector 
Uy in such a way that for each y G ]R'^\{0} and each r > 0, one has 
In the following, we associate to every y G M'^\{0} a unique Uy satisfying 
these properties. We also introduce the hyperplane Hy = kercpy = {uy)^: 
geometrically speaking, y + Hy is a support hyperplane of the convex set 
B^{0, fi{y)) at the point y. 

For y £ M'^\{0} and r G M+\{0}, note 

S^y = {x£R'^:(l)y{x)<q)y{y)} and = {x G M'^ : 0j,(x) > 

Then Sy — respectively, 5^ — is the open half-space, delimited by the support 
hyperplane y + Hy of Bfj,{0, fi{y)) at the point y, containing — respectively, 
not containing — the origin (see Figure 2). 

The aim of the next lemma is to obtain, uniformly in y G 52, a bound on 
the norm of points in the half-plane : 

Lemma 4.1. There exist two constants Cd,c'^ > such that for every 
y £ S2, we have: 

• For every r > 0, inf{||z||2, 2: G S^} > c^r. 

• For every r > inf{||2;||i, z G 5^^} > c'^r. 

Proof. As // is a norm, it is equivalent to || • II2, so there exists Ki,K2 G 
(0, +00) such that 

YxGR"^ Ki\\x\\2< ii{x)<K2\\x\\2. 

Note Cd = Choose y G S2 and set x = CdUy. We have fi{x) < i^2||3^||2 = 
K2Cd = Ki < fi{y). It follows that (py{x) < (t>y{y), or equivalently 

Cd = {x,ny) < {y,ny). 

Now, let z G 5^: we have 

\\z\\2 > {z,nry) =(j)ry{z) Xpry^ry) = {ry^Ury) =r{y,ny) >Cdr. 
The last point is clear by the norm equivalence. □ 
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Fig. 2. Support hyperplane of the convex set B^(0,^(y)) at the point y: the hyperplane 
Hy may not he orthogonal to y. 



4.2. Passage-time from a point to a hyperplane. Choose a direction y £ 
^2 . Define then for r > 

hy{r)=\ni{D{Q,z):zeS^y]. 

This quantity is analogous to the usual passage time between the origin 
and a hyperplane orthogonal to the first-coordinate axis at distance r of the 
origin. In this special case, y = (1, 0, . . . , 0), and thanks to the symmetries of 
the grid, the direction of the support hyperplane of i3^(0,/i(y)) at the point 
y is orthogonal to y. But in a general direction y, the relevant hyperplane 
for the growth of the set Bt of wet vertices at time t in the direction y is Hy , 
which does not need to be orthogonal to y (see Figure 2). As in the paper 
by Cox and Durrett [4] , we can study this quantity by using the asymptotic 
shape result given in [7]: for every p > pc{d), 

(18) lim pf^,e,,(0,l)) =0, Ppa.s. 

i^+oo \ t J 

and obtain the following lemma: 



Lemma 4.2. 



sup 

y&S2 



by{r) 



0, 



a.s. 



Proof. As we work under Pp, we restrict ourselves to the event {0 <-> 
oo}. 

Let e > 0. By the asymptotic shape result (18), there Pp a.s. exists a 
random T such that 

(19) yt>T ^c{l + e)B^ and 5^ c ^ + 5^(0, e). 

For every r > 0, for every y £ S2, there exists a point £ S!^ such that 
byi''') = ^i^^^r) ^ Ikrili- Note that, by the previous lemma, we have Wz^Wi > 
inf{||z||i : z G S!^} > c'^r, and thus, as soon as c'^r > T, we have 
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This implies, by definition of Hy and by convexity of B^, that |p[fy^^^^7yy £ 
(1 + £)B^ and thus Fp a.s., for all r large enough, 

On the other hand, by definition of by{r), we have Ci i?f,^(r)_i = 0, or, 
in other words, C 5,^j^. By dilatation, we obtain 

and by definition of Hy, this leads to: 

Using (19), we obtain, as soon as c'^r — 1 > T, 



and thus B^ n 5'|^/(by(r)-i)+£)y = ^' leading to 

Finally, we get Pp a.s., for all r large enough, 

r 1 

by{r) - 1 n{y) 

which ends the proof. □ 

4.3. Crossings of parallelepipedic boxes. We want first to find d directions 
(yi = y, 2/2, . . . , Ud) with yi G S2 such that the asymptotic time constants are 
the same along all these directions and such that the directions of the support 
hyperplanes of B^i in these directions are linearly independent. 

For y £ S2, consider the vector Uy £ S2 orthogonal to a support hyperplane 
of Bf^i in the direction y as defined previously, and the isometries {gny ,2 > • • • > 
9ny,d) S {0{Z'^)y~^ given by equation (6) in Lemma 2.2 and set 

(rei,n2, . . . ,nrf) = {ny,gny,2iny),. . . ,gny,d{ny)), 

iyi,y2,---,yd) = iy,9ny,2{y),---,gny,diy))- 

For k G Z*^, a G we define boxes adapted to study the travel times 

in the directions yi,y2, ■ ■ ■ ,yd] they are analogous to the rectangular boxes 
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introduced to estimate the travel time in the first-coordinate axis in classical 
first-passage percolation. 



(veZ''\T^y){k,a): 



{v,nm) 



< km + Olm ( 1 



d"!T^y)ik,a) 



.Vj G {1, . . . , d}\{m} kj < < kj + aj 



{yj,nj) 



^ {v,nm) 
t3w £ T^^y){k,a) \\w — f 111 = 1 



dTTiy)(.k,a) 



{veZ''\T^y){k,a): 
j G {1, 



ViG{l,...,4\{m} kj< ^^'"^'^ <kj+aj 



> . 



•3w G T^y-){k,a) \\w — v\\i = 1 

We can now define, using the same terminology as in first-passage percola- 
tion, the crossing time of the box T(^y-^{k,a) in the mth direction: 

( I7I, where 7 is an open path from 
t71\{k,a) = inf < a point in d^T(^y-j{k,a) to a point in d'^T(^y-j{k,a 



y included but its ends in T/y\ {k 



aj 



The next lemma gives a convergence in probability, uniformly in the direc- 
tion y, of these minimal crossing times of boxes: 

Lemma 4.3. Let a = {ai, ... ,ad) G {0,+oo)'^ . Then for every e > we 
have 

VmG{l,...,d} lim sup sup Fp(t7}A(k,ra) < (n(y) — e)ram) = 0. 
Proof. Fix a = (ai, . . . , a^) G (0, +00)^^ and e > 0. Choose 



(20) 



min am 1 > 0, 

l<m<d 



where Cd is given in Lemma 2.2 and p is the constant introduced by Antal 
and Pisztora — see equation (2); set r = r]r. 
Choose kGZ'^ and y € S2. 

We introduce the following partition of Z"' into boxes of size r, which tends 
to infinity when r goes to infinity, but will still be small when compared to 
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r: for every x ^lA, and every AdJI^ 



R^y^ (x) = <{ v G Z'^ : Vm G { 1, . . . , d} XmT < 



{v,nr. 



< {xm + l)r 



7^(J^) (A) = {x G Z'* : (x) n A / 0}. 

Then 7?.(j^)(3!"T(y)(fc,ra)), which plays the role of an approximation at a 
larger scale of d'^T(^y-^{k,ra), is *-connected and a simple estimation leads 
to 

|7^(,)(5™^(,)(fc,ra))|< (2+ ^ 



n 

l<J<<i 



2 + 



The partition into boxes with size r was introduced to obtain this estimate: 
while |(9™T(j^)(/c,ra)| is of order r*^"^, the cardinal \Tl(^y-j{d^T(^y-^{k , ra))\ of its 
approximation with large boxes remains bounded when r goes to infinity. If 
V G d'^T(^y){k,ra), then there exists a unique Xy G TZf^y^{d^Tf^y-j{k^ra)) such 
that u G R(^y){xy). We define 

= {x G (fc, ra)) : ||x - x^ lloo = 2} / 0. 

If R(^y){x) n Coo 7^ 01 then define c(x) as the point in R(^y^ix) H Coo which is 
the closest to t(x + (1/2, . . . , 1/2)) (use the lexicographic order if necessary). 
Remember that the box (x) has size r, which tends to infinity with r, and 
thus as r goes to infinity, we expect the probability that (x) n Coo 7^ 
to go to 1. 

Now, in the following inequality, we approximate the event {t'^-^[k,ra) < 
{lJ,{y) — e)ram} by the event in (21), and the three last terms correspond to 
the difference between them, and are expected to be small: 



(21) 



IPp(tf^)(A;,ra)<(/i(y) 



(22) 
(23) 

(24) 



/.Vx G n^y) id"!T^y) {k, ra)) R^y) (x) n Coo / 
•\/v G {k, ra) {v ^ d'^Tf^y) {k, ra)^v< 

< Fp mBv G <9™r(j^) {k, ra) such that 

3w G (fc, ra) D{v, w) < (;u(y) - e)ram 

\ 3xG >V(f)-D(f,c(x)) </3||f -c(x)||i 

+ Fp{3x G n^y) {dl^T^y) {k, ra)) R^y^ (x) n Coo = 0) 

+ Fp{3v G a!!^r(y) (A;, ra) v ^ d'^T(^y) {k, ra),v/^ 00) 

.Vx G n^y) {d'l^T^y) (k, ra)) R^y) (x) n Coo / ^ 
•3v G d^_}T^y) {k, ra) Vx G W{v) 
D{v,c{x)) > p\\v - c{x)\\i 



00) 



Let us estimate the three error terms first. 
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Estimate for (22). Let x G Z'^, and let us prove that R(^y-j{x) contains a 
ball for the norm || • ||2 with radius proportional to r. Let us introduce first 
the point a^G 1^*^) which represents the center of such that 

VmG{l,...,4 ^ 

\yrm "-m/ 

Then we have, with given by Lemma 4.1, 



a;™ + - r. 



{ Urm IT"!! 



< 



\x - a-^\\2 



Thus the box R)^y^(x) contains the ball B2{ax,TCd/2); this radius does not 
depend on the direction y. 

Using then equation (4), we get 

(22) < |7^(,y)(9!"^(J,)(fc,ra))| sup Pp(e2(z,rcd/2) n Coo = 0) 

which tends to when r goes to infinity, uniformly in the direction y £ S2- 
Estimate for (23). Note that if u G d'!!T^y){k,ra) and w G dl'T^y)lk,ra), 
then, by definition of the box, we have 



{w - v,nm) 



> rUr 



By Lemma 4.1, we have 

Vd\\w - v\\i > \\w - v\\2 >\{w- v,nm)\ > Cdram, 
and thus, using translation invariance and equation (3), 



(23) < |W(^)(A:,ra)|Pp( |C(0)| > -^ra„, oo 



<Kar'^-^A2exp[ -B2 



Cd 



ra, 



which tends to when r goes to infinity, uniformly in the direction y £ S2- 
{Ka is a constant depending only on the dimension and a.) 

Estimate for (24). Let v G d"}T(^y^ {k, ra) and x G W{v) such that Rf^y-^ (x) n 
Coo 7^ 0- Then by construction, 

{v - c{x),nm) 



max 

l<m<d 



> T. 
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But then, using Lemma 4.1, we obtain 

\\v-c{x)\\i >^\\v-c{x)\\2> max \{v - c{x),nn,)\ 
yd yd i<m<d 



. Cd 

> —= max 

Vd \<m<d 



{v - c{x),nm) 



> 



CdJ 

Vd' 



Using Antal and Pisztora's result (2), one has the following bound: 



CdW\ 



(24) < \d'^Tt^y){k,ra)\ x 5'^^^2d^i exp (^-Bi-^ j 

which tends to when r goes to infinity, uniformly in the direction y £ S2- 
Estimate for (21). Let v £ 5!"T(y) {k, ra) and x E W{v) such that (x) n 
Coo 7^ 0- Then by construction, 

{v - c(x),nm) 



max 

l<m<d 



<3t. 



But then, using equation (6) in Lemma 2.2, we have 

\\v-c(x)\\i < Vd\\v - c{x)\\2 < TT lb -c(^) II K),: 
d^l'^ 

<— max \{v — c{x),nm)\ 



Cd l<'TJ<<i 

< — — max 

C^d l<m<d 



{v - c{x),nm) 



< 



Cd 



We obtain 



(21) < 



/3xG7^(y)(9!!*^(J^)(A;,ra)) such that 

•%)(x)nCoo/0, 

D{c{x),w) < h (/i(y) - e)ra^ 



Cd 



J 



By the choice (20) we made for r], we obtain that 
(21)<|7^(,)(5-^(,)(fc,ra))| 

/•%)(x)nCoo/0, 

S/'' (^•32/ e a!pr(,)(A;,ra), D{c{x),y) < (^/x(y) - 0ra, 



rjr 



i<j<d 



+ n (2 + ^)FJby^{arnr)<i^i{y)-^)a,nr 
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which tends to when r goes to oo by Lemma 4.2. Note that this convergence 
is uniform in /c G Z'^ and y ^82- □ 



4.4. Lower large deviations: proof of Theorem 1.6. We essentiahy fohow 
the main hues of the proof in the classical case by Grimmett and Kesten [8] : 
A "too short" path should cross "many" boxes in a "too short" time, and by 
the previous result and a counting argument, this probability can be made 
exponentially small. The two main difficulties are to deal with geometric 
problems due to the fact that we want large deviations not only along the 
coordinate axes, but in all directions and the uniformity we require in this 
direction. 

Step 1. Definition of boxes adapted to direction y. 
Choose M and N large enough, that will be fixed later. 
For k = {ki, . . . , kd) G Z'^, we define 



weZ"*: VmG{l,...,(i} Nkm< 



{ym ) ^r. 



<Nik^ + r 



v£Z'^:\fm£{l,...,d} 

{v,nm) 



Nkr, 



M< 



< Nikm + 1) + M 



The 5(y)(A;)'s are large "twisted square" boxes, adapted to the studied direc- 
tion of progression y and its conjugates {y2, ■ ■ ■ ,yd)i that induce a partition 
of Z'^, and the T(j^)(fc)'s are still much larger boxes centered in the S(^y){k)'s. 

In T(^y^{k), the small box S(^y-j{k) is surrounded by 2d boxes of the type 
{l<m<d): 



B 



(k) 



veZ'^: 

Vj 7^ m Nkj - 

N{km + 1) < 



M < < N{kj + 1) + M, 



{v, rir, 



<N{km+l)+M 



B 



{y),rn 



{k) 



V G 



7d . 



yjj^mNkj - M < 
{v,nri 



<N{kj + l)+M, 



Nkr 



M < 



< Nkr, 



We define the inside border and the outside border of the box B^yy^{k), 
relatively to T(^y^{k): 

^inS(-),^® = {v G T(k)\B-, Jk) : 3w G B-, Jk) \\v - w\U = 1}, 



{y),m 



{y),m^ 
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a R- _ j V£T(^y){ki,...,krn-l,krn-l,krn+l,...,kd)\T^y){k):) 

^out^(y)^^l/ej - j 3w e B^y.^ ^{k) \\v - w\\i = 1 j ' 

and the borders of the other boxes can be defined in the obvious analogous 
manner. 

The point is that a path, visiting S(^y){k) and exiting from T^y'j{k), has to 
cross one of these 2d boxes surrounding in T^y-^{k) from a point in 

its inside border to a point in its outside border, say B'^^^ ^'-'^ instance. 

And, roughly speaking, the fastest way to cross it is to follow the ym direc- 
tion, and this should take an amount of steps of order fi{ym)M = fi{y)M if 
M is large. We can easily estimate the size of borders of boxes: 

Lemma 4.4. There exist a strictly positive constant depending only 
on the dimension d and not on y ^ S2 such that for every k G Z'^, for every 
me{l,...,d}, 

-^(iV + 2M)^-i< |9ini?J),„(A:)| <Kd{N + 2Mf-\ 

+ 2Mf~^ < \dontBly)^Jk)\ < Kd{N + 2Mf~\ 

The same is also true for the borders of B^^^^ ^{k)^s. 

Step 2. Construction of crossings. 

The construction is exactly the same as the one in [8]. We thus only give 
the way to adapt it. 

Let r > large enough and let 7 = (u(0), . . . , be a path from 

to a point in 5^. We associate to 7 the following two sequences. First 
set A;(0) = and a(0) = 0. Let then v{a{l)) be the first vertex along 7 to 
be outside T(j^)(/c(0)), and let k{l) be the coordinates of the small box of 
type S containing v{a{l)): v{a{l)) G S'(y)(fc(l)), and build the two sequences 
recursively, to obtain (a(l), . . . ,a(r(7))) and {k{0), . . . , fc(r(7))) such that: 

L = a(0) < a(l) < • • • < a(r(7)) < u, 

2. v{aii))€S^y)iki{)), 

3. a{i + 1) is the smallest integer a larger than a(i) such that v{a) ^ 
Tiy)ik{i)). 

The final terms satisfy 

Va(r(7)) < J < v{j) E r(y)(/c(T(7))). 

Note that the portion j{i) of 7 between v{a{i — 1)) and v{a{i)) has to cross 
one of the 2d boxes of type B(^y^ „^{k{i — 1)) surrounding S(^y^{k{i — 1)) in 
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T(y) {k{i — 1)) from a point in its inside border to a point in its outside border. 
We are interested in these crossings and the amount of steps they use. 

But first, by the process of loop removal described in [8], remove the 
double points from T = (A:(0), . . . , A;(r(7))), and obtain 

f = (/(0),...,Z(a(7))), 

where l{a) = k{ja) and < jo < " " " < ja{-y) ^ Til) - Note that although we can 
have J(j(7) < ''"(7)1 it is always true that A;(j(j{7)) = k{T{-y)). By construction, 



VmG{l,...,4 VjG{0,...,r(7)-l} 



M 

- iV ' 



and this property is preserved by the loop removal process in the following 
sense: 



VmG{l,...,(i} VjG{0,...,a(7)-l} 



M 



Step 3. Coloring of crossings. 

Consider the portion 7(i) of 7 between v{a{i — 1)) and v{a{i)), and define: 



£ii) 



max 

me{l,...,d} 



{ny^,v{aii)) - v{a{i - 1))) 



{'^ym 1 Vn 



By construction, M < C{i) < M + iV for 1 < i < r(i). Now, for i G {1, . . . , cj(7)}, 
consider the portion 7(^1) between the two boxes S'(y) {k{ji — 1)) and S^y-j {k{ji)) 
and give to the vector = k{ji) the color white if 

lUi) is open and |7(ii)| < (;u(y) - 2e)£(jj), 

and in black otherwise. Denote by ^(7) the number of white points in the 
sequence . . . , /(cr(7))) of crossings associated to 7. The next lemma 

corresponds to Lemma 3.5 in the paper by Grimmett and Kesten [8]: 



Lemma 4.5. Suppose that e, r, M and N satisfy the following: 

1. e is small: < e < min{/i(2;) : z G 52}) 

2. M/N is large: Vz G ^2 M(/i(z) - 3e) > (M + N){ii{z) - As), 

3. r is large: \/z e S2 re > {M + 2N){fj,{z) - 4e). 

Then for any y £ S2, an open path 7, traveling from to and whose 
length \ j\ is less or equal to r{fi{y) — be), satisfies 



^(7) > 



ea 



and cri'j) > 



M + N 



1. 
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Proof. The proof for a fixed y & S2 is exactly as in [8]. Tlie only differ- 
ence is the uniformity in y that can be obtained because /u is a norm 
and is bounded away from and bounded away from infinity on the compact 
set S2- □ 

Note that the event is white} in contained in the event 

{a vertex in S(^y-^{k{ji)) is joined to a vertex 
outside T(^y-^{k{ji)) by a path using 
less than (M + N){n{y) - 2e) steps 

To conclude the proof by a counting argument, as these event are only locally 
dependent, it only remains to prove the following lemma: 

Lemma 4.6. Lei < e < ^Liinf = min{^(z) : z G Then 

p{M,N,e) = sup P, f ^ ^(^)(^); ^""fJi^fl^,. 

goes to when M and N go to infinity, provided that M > ^ sup^.^^^ 

Proof. Note that M>^ sup^-e<S2 /^(^) implies (M + N){n{y) - 2e) < 
M{fi{y) — e) and use Lemma 4.3 on the time needed to cross a box: 

p( Af, A^, e) < 2d sup sup sup Pp(t|")(/c,ar) < - e)^^^). 

k£Z''yeS2l<m<d ''^^ L-l 

5. Large deviations for the set of wet vertices: Proof of Theorem 1.7. We 

can now prove Theorem 1.7, which follows quite naturally from the uniform 
estimates in Theorem 1.3 and Theorem 1.6. 

Let p > Pc{d) and e > 0. Let us note first that, for every t>0, 

Let us now estimate each term separately. 

Step 1. In the first term, we estimate the probability that the random set 
Bf grows too fast, which corresponds to the existence of a point x whose 
distance D{0,x) from the origin is shorter than expected. Thus 

3xeZ'^D{0,x) <t, fii-] >l+e 
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= Fp(3x£Z'^D{0,x) < Y^K^), Kx) > il + e)t 
°° — f 1 \ 

< E E ipJ^(o,x)<— -Mx) 

A:={l+e)t^(ei) ||x||i=fc ^ ^ 



oo 



< ^ ^ Ae"'^ll^'lli with Theorem 1.6 

fc=(l+£)t/^(ei) ||x||i=fc 
oo 

k={l+e)t/ti{ei) 

Step 2. In the second term, we estimate two types of discrepancies between 
Bf/t and B^: on the one hand the probabihty that the random set Bt grows 
too slowly, which corresponds to the existence of a point x whose distance 
D{0,x) from the origin is larger than expected and on the other hand, the 
probability that the random set Bt contains abnormally large holes. By 
definition. 



= Fp{3xeR'^ H{x) <t, Bf,{x,et)nBt = 0). 
Note that, as soon as t is large enough, one has 
Vx G B^O, t) 3y e such that 

^t<f,{y)<(^l-^y and B^(^y,j^cBAx,et), 
and so we obtain 

Fp(^BAO,l)^^+BAO,e)^ 

< P, (^3y G Z'^ |t < ^(y) < (^1 - I) t , (y, I) n Si = 0) 

< Fp(Bjy,'-^)nBt = 0). 



(3e/4)t<ti{y)<(l-3e/4)t ^ ^ ' 

If the event Bp^{y,^)r\Bt = occurs, then either BAy,^) contains no point 
of the infinite cluster, or it contains a point of the infinite cluster whose 
distance from the origin is larger than t: 

¥p (b^ (y, ^)nBt = 0)< Fp (b^ (y, ^) n Coo = 



+ Fp (bz e Bf, (^y, t < D{0, z) < cx)^ 
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By equation (4), the first term is less than ^3 exp ( — g^^f ) ■ Note also that 
if z E B^{y, f ), then ^(z) < ^i[y) + f < (1 - f )t. Thus 

3zES^(^y,^^t<Z)(0,z)<oo 



For such z, we have > — ^ > -^i, and by Theorem 1.3, there exist 
two positive absolute constants A,B such that 

3z E [y, I) t < I)(0, z) < 00) < Aietfe-'^'K 

And we finally obtain 

< E A3exp(--^)+^(et)V^^* 

which ends the proof of the theorem. 



REFERENCES 

[1] Antal, p. and PiSZTORA, A. (1996). On the chemical distance for supercritical 
BernouUi percolation. Ann. Probab. 24 1036-1048. MR1404543 

[2] Chayes, J. T., Chayes, L., Grimmett, G. R., Kesten, H. and Schonmann, 
R. H. (1989). The correlation length for the high-density phase of Bernoulli 
percolation. Ann. Probab. 17 1277-1302. MR1048927 

[3] Chow, Y. and Zhang, Y. (2003). Large deviations in first-passage percolation. Ann. 
Appl. Probab. 13 1601-1614. MR2023891 

[4] Cox, J. T. and Durrett, R. (1981). Some limit theorems for percolation processes 
with necessary and sufficient conditions. Ann. Probab. 9 583-603. MR0624685 

[5] Deuschel, J.-D. and PiSZTORA, A. (1996). Surface order large deviations for high- 
density percolation. Probab. Theory Related Fields 104 467-482. MR1384041 

[6] Durrett, R. and Schonmann, R. H. (1988). Large deviations for the contact pro- 
cess and two-dimensional percolation. Probab. Theory Related Fields 77 583-603. 
MR0933991 

[7] Caret, O. and Marchand, R. (2004). Asymptotic shape for the chemical distance 
and first-passage percolation on the infinite Bernoulli cluster. ESAIM Probab. 
Statist. 8 169-199. MR2085613 

[8] Grimmett, G. and Kesten, H. (1984). First-passage percolation, network flows and 
electrical resistances. Z. Wahrsch. Verw. Gebiete 66 335-366. MR0751574 



LARGE DEVIATIONS FOR THE CHEMICAL DISTANCE 



35 



[9] Grimmett, G. R. and Marstrand, J. M. (1990). The supercritical phase ol perco- 
lation is weU behaved. Proc. Roy. Soc. London Ser. A 430 439-457. MR1068308 
[10] Kesten, H. (1986). Aspects of first passage percolation. In Ecole d'ete de Probabilites 
de Saint-Flour XIV. Lecture Notes m Math. 1180 125-264. Springer, Berlin. 
MR0876084 

[11] Liggett, T., Schonmann, R. and Stagey, A. (1997). Domination by product mea- 
sures. Ann. Probab. 25 71-95. MR1428500 



Laboratoire de Mathematiques, Applications 

et Physique Mathematique d' Orleans 
UMR 6628 Universite d' Orleans 
BP 6759 

45067 Orleans Cedex 2 
France 

E-mail : Olivier . Caret CSuniv-orlcans . fr 

URL: http:/ /www. univ-orloans.fr/mapmo/membres/garet/ 



Institut Elie Cartan Nancy 

(mathematiques) 
Universite Henri Poincare Nancy 1 
Campus Scientifique 
BP 239 

54506 Vandoeuvre-les-Nancy Cedex 
France 

E-mail: Regine.Marchand@iecn.u-nancy.fr 
URL: http:/ /www.iecn.u-nancy.fr/'marchand/ 



